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Abstract

Kovar P.,, Ba¢inova H. (2015): Impact of evapotranspiration on diurnal discharge fluctuation determined by the Fou-
rier series model in dry periods. Soil & Water Res., 10: 210-217.

Precise measurements of discharges at the outlet of a small catchment, using high resolution sensing equipment,
can currently be done without difficulty. In particular, measurements can take place even during dry periods,
when high temperatures increase actual evapotranspiration on the catchment and diurnal streamflow fluctuation
changes occur in a harmonic wave at any time of the day. Some 10-15 years ago, a current runoff measurement
record based on a high resolution equipment clearly recognizing a diurnal wave-shape fluctuation could hardly
be available. The measurement of discharge ordinates from the catchment, and from free water pan evapora-
tion, showed an undulating fluctuation tendency. However, the discharge minima appeared at day time and
their maxima at night. The measured discharge data are represented not only by a fluctuating form, but also by
a mild form, an even straight line, or by a flat depletion curve. For the purpose of analyzing the wave shape of
discharge we implemented the Fourier series model, simulating the measured data through the Fourier input,
output, and transformation coefficients. The purpose of this analysis was to use the Fourier equations in order to
substitute the missing data (when the discharge or evaporation measurements collapsed). Due to very sensitive
data, when the measured discharge series are jagged, the equation can be smoothed by the harmonic approxi-
mation or by the polynomial approximation. Our study was carried out on the small experimental catchment of
the Starosuchdolsky Brook, in the vicinity of the campus of the Czech University of Life Sciences Prague. The
harmonic analysis provided an interesting outcome, as well as innovative methodology.
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Long and dry depletion events on small catchment
provide valuable data for the assessment of the impact
of actual evapotranspiration on runoff reduction at
various scales. Solar radiation and temperature varia-
tions cause streamflow diurnal cycles, which also can
be used to assess the impact of climate change on
catchment behaviour (MUTZNER ef al. 2015). The
first indication of the streamflow fluctuation caused
by evapotranspiration was based on observations of
a small catchment in the dry year 1976 (BURT 1979).
Diurnal streamflow cycles were characterized through
their amplitudes and timing of the minimum and maxi-
mum streamflow. The harmonic process of baseflow
delay was described, tracing lower discharge values
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in the daytime hours and higher values in the night
hours, due to the same process of evapotranspiration.
The delay of the wave-shaped depletion curve was
caused by the evaporation conditions and partly also
by hydraulic roughness (DvoRAKOVA et al. 2014).

In the last two decades, thanks to extremely ac-
curate measurement of water discharges, many rel-
evant books have been published describing the
impact of evapotranspiration on catchment runoff
(ZHANG et al. 2001; BROWN et al. 2004; LOHEIDE
et al. 2005; FENICIA et al. 2006; WINSEMIUS et al.
2006). In his paper “Catchment as simple dynamic
systems”, KIRCHNER (2006, 2009) formulated the
mass-conservation equation:
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dt Q (1)
where:

S — water storage

P — precipitation

E - evapotranspiration
Q - discharge

In this equation, only the discharge is an aggregated
measurement for the entire catchment. In the case
of adry period we could neglect precipitation to get
the sum (E-Q) on the right side of this equation,
which would then express the storage time series
showing a drying process on the left side of Eq. (1).

Hydrologic processes in small catchments started
to be analyzed and described using a modern systems
approach in the late 1960s, soon after the systems
engineering linkages and their feedbacks were ex-
plained and published (KRAIJENHOFF & O’DONNELL
1966). Systems hydrology nowadays takes into ac-
count not only the rainfall-runoff correlation, but
also the correlation between runoff and evaporation
(KiRcHNER 2009). All this became possible thanks to
high-resolution measuring equipment. Both links of
measurement, rainfall-runoff or evapotranspiration—
runoff represent important hydrological processes
that can be described by Fourier series (HARDY &
ROGOSINSKI 1971; KOVAR et al. 2014a).

Extreme droughts are often estimated through
streamflow discharge measurements. They show
harmonic evapotranspiration rates that have orders
of magnitude, which are smaller than the levels as-
sessed on typical catchments (KIRCHNER 2006, 2009;
LANGHAMMER & VILIMEK 2008; DEUTSCHER & KUPEC
2014). The problem is thus clearly delimited. It can
be resolved through the Fourier series, based on the
systems theory.

MATERIAL AND METHODS

Fourier series model. The starting point of the
Fourier model introduction can be Eq. (1) and its
transfer into Eq. (2) to express the input—output
analysis:

ds

“Zo t) = x(t 2
7 Ty =) (2)
where:

x(t) — straight line/curve input of the depletion curve
y(t) — output in the form of undulated streamflow dis-
charges

For the computed discharges: the yc(¢) in Eq. (3)
from the measured variables x(¢) and y(¢) during a
rainless period we need a transformation function
u(t — t) in the convolution integral to be the theoreti-
cal alternative of the discharges computation. The
rational computation of the dry events requires to
substitute the integral by the summation of x(¢) and
u(t — t) multiples within the certain limits correspond-
ing to the duration of the event in Eqs (3) and (4):

ye(t) = [§x(t) x u(t - 1)dt (3)

ye(t) = AtX (x(i) x uln - i) (4)

The term of addition in Eq. (4): (i) x u(n — i) for
the finite limits expresses the convolution procedure
when x(£) is not zero, then the computed runoff yc(z)
can be expressed by Eq. (5) which is the Fourier
expansion:

8(t) =yc(t) = Ay + Z::(A, x coerTm + B, x sinr%) (5)

The Fourier series describe the harmonic periodic
process as an orthogonal function (HARDY & RoGo-
SINSKI 1971). The function g(¢) in the interval 1 < ¢
< n can be represented in any time ¢ of the interval.
The cosine and sine functions are orthogonal to one
another yielding a K value that equals to n/2.

The harmonic coefficients A, A and B, are the
output coefficients for the yc(t) runoff computation,
where 7 is the index for harmonic coefficients, # is
the length (i. e. the number of discharge ordinates)
of the time series. The output function y(¢) trans-
formed by the evapotranspiration process has the
following coefficients:

A,=g(ﬂ,><°‘r_brxﬁr)7bUtAo:”x“ox°‘o

(6)
B = ’%(arx B,-b. xa)

The other coefficients a,, a,, b, are the input coef-
ficients x(¢), and oy, O, and Br are the transformation
coefficients u(n — t) — see Eq. (4) (O’'DoONNELL 1960;
KRAIJENHOFF & O’'DONNELL 1966).

The Fourier Series Model (FSM) has been adapted
from the classic Fourier series expansion, which was
developed earlier for simulation of rainfall-runoff
events. However, instead of rainfall hyetograph as an
input function, the depletion curve function x(¢) is
used either in the form of straight line or in the form
of an exponential curve (Boussinesq) approximating
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u(t) = ay + X' (a, coer—L”“ +B, x sinrz—gt 9)

a depletion process. Thus for the input function x(¢),
the Fourier series can be written as follows:

Then we solved the coefficients as follows:

n-1 2mt 2t
x(t):ao+Zr:1(ur><cosrT+brxsmrT) (7) 2> «xA +bxB, LA
O =i X T but g = x
where the input coefficients 4, a,, and b : a;+b; 0
(10)
a, = % 2" (x(e) x cosr2—TV[lt ), but: a, = %an_—ll x(t) B - 2 4 B, +b xA,
B - ] 2, 12
a; +b;
2 «n-1 . 21t (8) o
b, =27 X (x(t) x sinr ==) Now, after all coefficients are complete, we can

finish this procedure and go back to Eq. (5) and
The transformation process x(t) to y(¢) is based substitute all coefficients to it.

again on the Fourier series expansion for the trans- The prevailing physiographic characteristics on
formation function with the coefficients a, « , and 3, the Starosuchdolsky Brook catchment are given in
The basic equation for this function u(t) is: Figure 1 and Table 1. The meteorological station is
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Figure 1. Selected characteristics of the Starosuchdolsky Brook catchment
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Table 1. Characteristics of the Starosuchdolsky Brook catchment

Physiographic factors of the Starosuchdolsky Brook

Catchment area (4, km?) 2.95 maximum catchment elevation (H_, , ma.s.l.) 335
Length of thalweg (L, km) 3.7 minimum catchment elevation (outlet) (H _, , ma.s.l.) 211
Length of brook (L, km) 0.58 river network density (R, —) 0.33
Length of water divide (P, km) 9.1 annual average precipitation (mm) 496
Average slope of brook (J,, %) 5.4 annual average runoff (mm) 158
Average catchment slope (/, %) 20 annual average temperature (°C) 8.8
Land use categories of the Starosuchdolsky Brook

Arable land (%) 50.2 urbanized area (%) 37.9
Forest (%) 3.5 permanent grassland/greenery (%) 8.4

The daily automatic measurement of precipitation and temperature: 2004—2015, our own measurement of runoff in the outlet

profile “Spaleny Mlyn”: 2011-2015

located close to the Czech University of Life Sciences
Prague campus, longitude 14°22', latitude 50°08’,
time zone CET (GMT + 1 hour). The precipitation
and temperature have been automatically measured
daily since 2004, our own monitoring of runoff in
the outlet profile “Spaleny Mlyn” takes place also on
daily basis, since 2011.

The land use is represented by arable land (50% of
the catchment area) and urbanized areas (including
gardens 38%). The middle part of the Brook which
flows through the urbanized area within a close circular
profile is only interrupted by inspection shafts and
a few junction wells. These possibilities can hardly
allow to pump water for irrigation. Forested area is
a mixture of semi-naturals. The downstream part of
the catchment is environmentally protected in its
riparian belts by a valuable canopy. These river belts,
situated on both sides of the Starosuchdolsky Brook,
contain typical local forest species represented by Al-
nus glutinosa, Fraxinus excelsior, Quercus robur, and
rarely Carpinus betulus. During a hot and dry summer
period, diurnal discharge fluctuation occurs in the
studied catchment. Soil moisture and groundwater
measurements in the catchment indicate the presence
of a soil layer stretching at a depth over 1.0 m, which
is always partially water-saturated due to deep valley
morphology along the downstream part of the catch-
ment . Therefore, a little groundwater contributes to
the streamflow even in dry seasons.

RESULTS

The Starosuchdolsky Brook catchment has been
monitored since 2011. The discharge data is obtained
from the water level data, taken from measurements

that are carried out every ten seconds at the outlet
of the catchments, using a V-notched Thomson weir
equipped with a cable sensor type Vegawell 71 (Vega,
Grieshaber KB, Germany) submersible water level
gauge. The gauge measures the water level using a
pressure transducer with a high resolution sensitivity.

Discharge Q represents an aggregated measurement
for the entire catchment (KIRCHNER 2006, 2009).
Runoff processes are evidently the most important
components of the hydrological cycle that can be
conveniently measured. That is why many papers
cite this experience (TALLAKSEN 1995; BEVEN 2006)
etc. Our team also shared this experience.

Among many dry episodes measured on the catch-
ment of the Starosuchdolsky Brook, we have selected
the Event 1: since 08/08 (2:00 h) to 16/08 (20:00 h),
2012 (n = 211 h), where n is the number of time steps
At, which was set to one hour.

The Event 1 discussed above is presented in this
paper. First, the linear regressions and also the ex-
ponential correlation are presented in Table 2 to

Table 2. Linear and exponential regressions of the depleti-
on curves of the Starosuchdolsky Brook catchment in the
rainless Event 1

Linear regressions

Approximated equations: y =a x x + b
a =-0.001822

R? = 0.022853

Exponential regression

b =0.959497

Approximated equations (Boussinesq): y =y, x e™**

¥, = 0.900967 « = —0.001064
y =0.900967 x £~0:001064x
R? = 0.044559
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Table 3. Transformation coefficients a, and , of Fourier Series Event 1 (n = 211, rr = 15)

7 8 9 10 11 12 13 14

0 1 2 3 4 5 6
o 0.005 0.004 0.004 0.005 0.003 0.004 0.002
B 0.001 -0.001 0.001 0.002 0.001 0.003

0.001 -0.003 0.039 0.009 0.011 0.008 0.010 0.010
0.004 0.011 -0.026 -0.008 —-0.003 0.000 -0.002 0.002

Aproximation of the curve, the Event 1 by the harmonic (Fourier) series

1.00 1

0.95
0.90 {
0.85 1
0.80 1

0.75 1

Dischsrges (1/s)

0.70 1 measured discharges
computed discharges
linear depletion curve

ffffff exponential depletion curve

0.65 1

Linear regression Exponential regression
y =-0.0018x + 0.9595  y = 0.9009¢ *-0011*
R*=0.0229 R? = 0.446

060 —m————————

T T T T T T T T T T T T 1
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Time (h)

Figure 2. Discharges in the dry period from 8/8 /2012 to 16/8/2012 measured on the Starosuchdolsky Brook catchment

illustrate the Fourier input series, and then their
coefficients a , b, are computed (see Eq. (8)). These
input series simulate a smooth depletion process
in the form of either a line (a linear function) or an
exponential curve by the Boussinesq equation. The
difference between these functions is very small.
The measured discharges in their wavy curve were
used to compute the output Fourier coefficients A , B ,
(Eq. (6)). Then it was easy to solve the transformation
harmonic coefficients o , B, (Eq. (10), Table 3), to com-
pute the transformation function (Eq. (9)), and to solve
the simulated Fourier series as the computed model
response of the Event 1 (Eq (5)). Figure 2 shows the ap-

1.00
0.95 |
0.90 A
0.85 4
0.80 4

0.75 4

Dischsrges (1/s)

0.70

0.65

0.60

proximation of Event 1. A comparison of the measured
discharges and their computed pairs is presented there.

The efficiency coefficient (NASH & SUTCLIFFE
1970) computed for their goodness of fit is derived as:

EC=1- (X}, (Q - QCIZY, (Q - QP (11)
where:
Q, - measured discharge ordinates (I/s)

QC,; — computed discharge ordinates (I/s)
Q - mean value of the measured discharges (I/s)

The Nash-Sutcliffe coefficient EC and its value for
good acceptance should be EC > 0.75 (WMO 1992).

=== measured discharges
mummee COMputed discharges transformed by the 5-terms polynomial

1 11 21 31 41 51 61 71 81 91

101111121 131 141 151 161 171 181 191 201 211
Time (h)

Figure 3. Smoothing of measured discharges by 5-term polynomial, Event 1
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The Event 1 has achieved EC = 0.860 when the num-
ber of harmonics RR equals to 15. If the measured
discharges were smoothed by 5-term polynomial,
the goodness of fit EC approaches the value 0.93. It
is presented in Figure 3.

DISCUSSION

Diurnal discharge fluctuation during a hot and dry
summer period is often observed in the measured
discharge records. The discharges show a declining
trend in their runoff depletion curve when the catch-
ment becomes dry. The soil zone of the catchment
is always partially saturated, due to the deep valley
morphology of the Starosuchdolsky Brook plain.

A dynamic catchment system offers useful in-
formation on how streamflow hydrographs may
be applied for reconstructing evapotranspiration
records. In such a dynamic system, precipitation and
evapotranspiration have comparable but opposite
effects on the catchment storage, and therefore on
the streamflow. As the fluctuations in the streamflow
reflect the precipitation to the catchment, it is natu-
ral to conclude that these fluctuations also reflect
the evapotranspiration losses. In the past decades,
hydrologists studied the ways of using discharge
measurements during streamflow recession to show
harmonic evapotranspiration rates or a hypothetic
approach (BEVEN 2010) and/or use of kinetic equation
coefficients (BANASIK et al. 2014; KRAJEVSKI et al.
2014). The smaller the catchment, the more significant
the fluctuations are (BRUTSAERT & NIEBER 1982;
BORONINA et al. 2005; SZILAGYI et al. 2007). Similar
results were found in the delay time and water-use

Exponential regression
y= 0.90098—0.0011:5

Linear regression
y =-0.0018x + 0.9595

related fluctuations by evapotranspiration for 1-3%
in mid-Wales, in the Severn and the Wye (KIRCHNER
2009). The differences were evidently caused by dif-
ferent climatic and geographical conditions.

Figure 2 presents interesting data illustrating what
happens when evapotranspiration influences the
flow. It is practical to implement FSM based on the
Fourier series where the input coefficients (2, b )
and output coefficients (A, B,) are used for comput-
ing the transformation function coefficients (a, 8,).
However, the results might be loaded with some
noise from the subsurface processes, which delay
the surface discharge mainly due to hydraulic rough-
ness (Dvordkova & ZEMAN 2010; Dvoridkova et
al. 2012, 2014; KOVAR et al. 2014b). There is some
uneven spatial and temporal distribution of hydraulic
and hydrologic factors and situation influencing the
impact of evapotranspiration on extra-irregularities
of discharges. First of all, there is a variability of
soil moisture content, groundwater storage, daily
weather data, etc. Still, these changing factors dis-
tributions do not affect the physical principles of the
coherence between the convolution and orthogonal
(Fourier) principles on the evapotranspiration—runoff
processes. One more remark for discussion: the ap-
proximation of the transformation function u(n—t)
(see Eqs (4) and (5)) for the computed discharges by
the Fourier series model (FSM) offers higher good-
ness of fit than other similar mathematical models,
i.e. Laguerre functions or matrix inversion model.
The FSM can be improved through the choice of the
period length # = t (KRAJENHOFF and O’'DONNELL
1966). Herein, the number of the Fourier’s harmonics
rr can be increased up to the number of the discharge

measured discharges y(z)
computed discharges yc(t)

R = 0.446 R2 = 0.0229 transf.,coeff., BF u(t) - 0.20
linear depletion curve x(z) .
.04 e exponential depletion curve
0.15
0
—_ 0.10 =
= 3
g 5
?gb 0.05 ks
z E
ja) 0.00 «
g
[_4
0.6 1 + -0.05
0.5 — . . —— T . ——————— 010
0 20 40 60 80 100 120 140 160 180 200
Time (h)

Figure 4. Approximation of the transformation function u(t), Event 1 by the Fourier Series Model
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ordinates #. Figure 4 shows an optimal choice of the
parameters rr and #. The method for computing
discharge ordinates undoubtedly has an excellent
mathematical background (O’DONNELL 1960; HARDY
& RoGOSINSKI 1971). BEVEN (2010) inferred the
stages in testing small basins hydrological models
as hypotheses with limits of acceptability approach
within the GLUE methodology.

Interpretation of the results should acknowledge
that catchment runoff formation is influenced also
by hydraulic resistance which slows down water
percolation. Compared to evapotranspiration, the
influence of hydraulic resistance is smaller. Our
computation indicates that contribution of hydraulic
resistance to reduction of catchment runoff is less
than 10%. The major effect of hydraulic resistance is
the delay evapotranspiration influence on catchment
discharge. The Fourier model coefficients can also
be used for computing missing discharge data due
to a measurement failure. In this case, we can use
the input coefficients and the transformation coef-
ficients from the time series just before the discharge
measurements collapse.

CONCLUSIONS

The impact of evapotranspiration on catchment
runoffis an interesting but little studied hydrological
phenomenon. Water use by riparian vegetation is
closely linked to diurnal streamflow variability. The
FSM model used in this study is based on the Fourier
series, and it takes full advantage of its mathematical
properties, such as harmonic functions, convolution
principles, and strong convergence. All of these can
be used in hydrology, not only for rainfall-runoff rela-
tions but also for evapotranspiration-runoff relations.
Water exhaustion by actual evapotranspiration in
dry periods is a long-term continuous process that
lasts for many weeks, depending of course on the
initial water supply.
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